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Abstract. This paper presents a numerical model that intends to simulate eﬃciently the
surface instability that arise in multiphase ﬂows, typically liquid-gas, both for laminar or
turbulent regimes. The model is developed on the in-house computing platform TermoFluids,
and operates the ﬁnite-volume, direct numerical simulation (DNS) of multiphase ﬂows by means
of a conservative level-set method for the interface-capturing. The mesh size is optimized by
means of an adaptive mesh reﬁnement (AMR) strategy, that allows the dynamic re-concentration
of the mesh in the vicinity of the interfaces between ﬂuids, in order to correctly represent the
diverse structures (as ligaments and droplets) that may rise from unstable phenomena. In
addition, special attention is given to the discretization of the various terms of the momentum
equations, to ensure stability of the ﬂow and correct representation of turbulent vortices. As
shown, the method is capable of truthfully simulate the interface phenomena as the Kelvin-
Helmholtz instability and the Plateau-Rayleigh instability, both in the case of 2-D and 3-
D conﬁgurations. Therefore it is suitable for the simulation of complex phenomena such as
simulation of air-blast atomization, with several important application in the ﬁeld of automotive
and aerospace engines. A prove is given by our preliminary study of the 3-D coaxial liquid-gas
jet.
1. Introduction
The study of the liquid atomization process is currently a problem not totally understood in the
engineering ﬁeld, due to the high complexity of the phenomena that lead to the generation and
ampliﬁcation of instabilities at the interface —an introduction to the involved physical processes
is available in [1]. A correct numerical representation of such processes would bring great
advances in the simulation of important applications, such as automotive engines and propulsion
systems. In the last decades, several numerical methods have been proposed, spacing between
the three main classes of computational ﬂuid dynamics (CFD) models: in Reynolds-averaged
Navier-Stokes equations (RANS) [2], the approach is based on a homogeneous formulation of
the two-phase medium, and the transport of mean interface density is modeled by diﬀusion-like
hypothesis, therefore neglecting the eﬀect of the interaction between liquid structures [3]; on the
other side, large eddy simulations (LES) approaches [4] still suﬀer the complexity of coupling
turbulence modeling and interface-capturing methods. In particular, many LES models are not
able to take into account surface tension forces, that, play a key role in atomization processes
[5]. Finally, direct numerical simulation (DNS) approaches involve strict requirements in terms
of computational resources, because of the numerous length scales involved in the phenomenon.
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That include the correct representation of surface phenomena, such as the growth of waves
and ﬁlaments, as well as the generation of drops of varying size in primary and secondary
atomization processes. Indeed, as demonstrated by [6], the use of huge computational resources
is needed to carry out the DNS of complete atomization phenomena. Nevertheless, the quality
of the results is excellent, as also demonstrated by other authors, such as [7, 8], that use diverse
interface-capturing methods to get accurate representations of turbulent atomization.
In this paper we propose our progress in the DNS of multiphase systems, as well as
the introduction of mesh adapting strategies that allow an optimization of computational
resources. Recently, other authors have developed similar strategies to reduce the computational
requirements for the simulation of multiphase ﬂows [9, 10]. The development of various numerical
techniques in our computing platform allowed to study the phenomena responsible for the early
surface instabilities, as well as the evolution of secondary structures, as droplets and ligaments,
that rise from the destabilized liquids. Our simulations were carried out on both 2-D and 3-D
conﬁgurations of liquid jets interacting with high speed air ﬂuxes.
2. Numerical framework
The numerical model utilized in this work has been developed on the in-house platform
TermoFluids [11] for CFD simulations, where various improvements have been added to the
existing multiphase solver. The scheme adopted includes the ﬁnite-volume discretization of the
Navier-Stokes equations on 3-D Cartesian or unstructured mesh [12]. In particular, in a domain
occupied by two incompressible ﬂuids separated by an interface, the ﬂuids are governed by the
following equations
∇ · u = 0, (1)
∂(ρu)
∂t
+∇ · (ρuu) = −∇p+∇ · (μ[∇u+ (∇u)T ]) + S, (2)
where u is the velocity ﬁeld, p is the pressure, ρ is the density, μ is the dynamic viscosity and S
includes the volumetric sources; in this work, only the surface tension is taken into account. The
surface tension force, Sσ, that plays a signiﬁcant role in the proposed test cases, is discretized
by using a continuum surface force (CSF) approach, given in formula by
Sσ = σκ
( ∇φ
‖∇φ‖
)
, (3)
where σ is the surface tension coeﬃcient, κ is the curvature and the last term is the normalized
gradient of the volume fraction φ. The capture of the interface is carried out by means of a
conservative level-set method [13]. The interface is advected by means of the following equation
∂φ(x, t)
∂t
+∇ · (φ(x, t)u) = 0, (4)
where φ(x, t) is the regularized distance function from the interface —corresponding to the
volume fraction used for the evaluation of the surface tension force. Furthermore, at every time
step, the level-set function is re-initialized in pseudo-time, τ , according to
∂φ
∂τ
+∇ · φ(1− φ)n = ∇ · ε∇φ, (5)
in order to keep the interface sharp and to avoid diﬀusion. In case of using Cartesian meshes, the
adaptive mesh reﬁnement strategy (AMR) is used to dramatically improve the mesh resolution
in the vicinity of the interface, thus, allowing an accurate representation of interface phenomena.
The algorithm proposed by [14] and extended to multiphase ﬂows in a previous work [15] is here
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Re We ug/ul M
liquid 1.6× 104 5× 103
5 2.5
gas 2.4× 106 1.3× 104
Table 1. Dimensionless numbers of the ﬂuids and inlet velocity ratio in the turbulent 2-D jet.
used. The strategy includes a particular treatment of the mass ﬂows which allows the exact
conservation of the mass despite violent changes in the morphology of the mesh. This allows
the transport of secondary properties such as momentum and kinetic energy, and consequently,
the correct solution of turbulent ﬂows. The reﬁnement process is automatically activated by
position sensors, that reﬁne the mesh in the zones in which the interface will move. Moreover,
a supplementary sensor can be activated to allow the reﬁnement of the zones with a higher
vorticity, in order to improve the solution of the smallest convective scales in turbulent problems.
A hybrid scheme has been used for the discretization of the convective term in the momentum
equations. It includes the use of a non-diﬀusive symmetry preserving operator in the bulk of
the phases [16], in order to ensure the proper transport of kinetic energy. On the other hand,
a diﬀusive operator is applied at the interface so as to prevent the growth of spurious currents
and preserve the stability of the solution.
3. Turbulent Atomization of a 2-D Jet
In this test, the atomization of a 2-D multiphase jet is analyzed, in order to demonstrate
the capability of the method to simulate a turbulent physical phenomenon and to show the
appearance of Kelvin-Helmholtz instabilities. The test is validated by comparison with the
results reported by [9], that performed tests on a correspondent conﬁguration. The set-up, shown
in Fig. 1, consists in the injection of two parallel high speed ﬂows (the liquid l, and the gas, g)
inside an initially quiet domain. The nature of the resulting jet depends on the dimensionless
parameters of the ﬂuids, i.e. the Weber number —ﬂuid inertia over surface tension ratio— and
the Reynolds number —ﬂuid inertia over viscous forces ratio— of the i ﬂuid, deﬁned as
Wei =
ρiu
2
iD
σ
, Rei =
ρiuiD
μi
, (6)
where D is the liquid jet diameter, ui is the inlet velocity of the considered ﬂuid, and σ is the
surface tension. Another parameter that may inﬂuence the physics is the momentum ﬂux ratio,
M = (ρgu
2
g)/(ρlu
2
l ). The ﬂuids are assigned physical properties so as to obtain the dimensionless
numbers reported in Tab. 1; a velocity ratio, ug/ul, equal to 5 is imposed to liquid and gas inlet
velocities. The ﬂuids have constant horizontal velocities at the inlet, and, in the case of the
liquid, a random component is assigned to the vertical velocity (vl = [−0.1ul : 0.1ul]), so as to
promote the appearance of instability. At the other boundaries a pressure based condition is
applied, in order to mimic an outﬂow condition. The base mesh counts 5×103 cells and a second
level reﬁnement is used in the simulations—a basic cell can be divided, at most, in 16 sub-cells.
The total number of cells rises during the transient jet injection, and, at statistical steady-state,
the mesh reaches an average dimension of ∼ 2.8 × 105 elements. The mesh is reﬁned in the
interface zone, to improve the local deﬁnition of surface phenomena. Moreover, the vorticity
based criteria is added to reﬁne the mesh in the regions in which a certain vorticity threshold is
exceeded, thus, allowing a better solution of the smallest convective scales.
The validation of the case is performed by comparing the results with the ones presented in
[9] on a correspondent conﬁguration. For instance, in Fig. 2, a comparison of the time averaged
velocity proﬁle, ux, is presented for two diﬀerent distances from the liquid inlet, x/D. In both
cases, good agreement is found with reference data, thus, demonstrating a similar behavior in
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Figure 1. Scheme of the 2-D turbulent jet. In the zoom, a particular of the Kelvin-Helmholtz
instability mechanism is depicted. The position of the sonde, S, used to evaluate the energy
spectrum is indicated.
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Figure 2. Two phase jet: Averaged radial proﬁle of stream-wise velocity, ux. Comparison of
present data with reference by [9] at two diﬀerent distances from the inlet, x/D. Due to the
symmetry of the proﬁle, only the top-half part of the proﬁle is represented. yint indicates the
vertical coordinate of the interface position at the inlet.
the zone of early instabilities. The small variance that can be seen in the reported proﬁle is
probably due to the diﬀerent mesh resolution used in the reference work. As can be seen from
Fig. 1, the liquid stream is initially disturbed by shear stress due to the diﬀerence of speed of the
two ﬂuids, corresponding to the Kelvin-Helmholtz instability mechanism. The waves generated
on the surface are ampliﬁed and quickly generate ﬁlaments which break up into small droplets
—a detail of this process is depicted in the zoom of Fig. 1. More downstream, instabilities
become more violent and lead to the complete rupture of the liquid core, scattering drops of
diﬀerent sizes around the domain.
After a transition phase, the jet reaches a statistical steady-state condition, in which the
dispersion of the atomized ﬂow occurs according to a constant frequency of shedding. The
energy spectrum of the ﬂow, reported in Fig.3, is obtained by processing the velocity signal —
collected at point S over several shedding cycles— with the Lomb Periodogram technique. The
spectrum conﬁrms the existence of a strong vortex shedding frequency, whose peak is situated at
f∗VS  0.27 while several harmonic frequencies can be seen downstream —they are indicated with
red circles in Fig.3. Moreover, despite being embedded in the strong ﬂuctuations of the wake,
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Figure 3. Energy spectrum of the 2-D jet evaluated at position S. The frequencies related
to the main oscillation mechanisms, f ′V S and f
′
KH are indicated. Red circles indicate harmonic
frequencies of f ′V S .
another peak can be isolated in the energy cascade —f∗KH  1.25—, indicating the ﬂuctuation
mechanism connected to the Kelvin-Helmholtz instability. The overall energy spectrum follows
well the -3-slope typical of 2-D turbulent ﬂows [17].
4. Capillary Break-up
The study of the atomization of a three-dimensional complex jet ﬁrst requires the ability of
the numerical method to analyze accurately the processes that occur at the smallest length
scales of the problem. In this section we analyzed the instability of a ﬁlament, in particular a
column of liquid, which, stressed by a surface disturbance, tends to minimize its surface under
the action of capillary forces, thus, degenerating into droplets. This phenomenon is commonly
called the Plateau-Rayleigh instability. The size of the resulting droplets depend will depend on
the component of the sinusoidal perturbation that most quickly grows and causes the break-up
of the ligament.
In this test, an unitary liquid column of radius, r = 0.1, is subjected to a wide cosine
wave perturbation, with wavelength, λ = 1 and amplitude, A = 0.02 —the initial condition is
depicted in Fig. 4 at t = 0. The simulation is carried out with a second level AMR to reach
a local deﬁnition at the interface of Δh = 1/128, and the results are compared to the ones
proposed by [5] (Δh = 1/256 on a static Cartesian mesh). Non-slip boundary conditions are
applied to the borders.
The snapshots of Fig. 4 describe the evolution of the ﬂow. In the ﬁrst stages of the simulation,
the ﬁlament undergoes a slow deformation, up to approximately t = 0.8, when it tapers quickly
near the edges up to point at which breakage occurs, t  1.0. The large central drop, initially
deformed, is subjected to a series of oscillations, until it reaches a fully spherical and stable
shape, at t  2.0. Despite a lower deﬁnition of the mesh, our results match very clearly with
those of reference.
5. 3-D coaxial Jet at Rel = 300
The conﬁguration of the ﬂux used in the 2-D jet test can be easily extended to the three-
dimensional case. In this section, we propose the simulation of an air-liquid coaxial jet
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Figure 4. Deformation of a liquid column under the eﬀect of the capillary forces. Comparison
between our results and reference by [5].
with Rel = 300. A circular liquid jet of diameter D is introduced inside the domain at
constant horizontal velocity, surrounded by a coaxial gaseous ﬂow —the physical properties
are summarized in dimensionless form in Tab. 2. In this case, no random vertical component
were assigned to the inlet ﬂuid. The AMR technique is used to increase the deﬁnition of the
mesh at the interface up to a second level of reﬁnement. The computational savings in this case
are enormous, in fact, starting from a basic mesh of about ∼ 3.5 × 105 cells, the size of about
2.5 × 106 elements is reached at statistical steady state. Alternatively, the achievement of the
same resolution on a static Cartesian mesh would have required the employment of ∼ 21× 106
elements.
Re We ug/ul M
liquid 300 400
5 2.5
gas 3000 1000
Table 2. Dimensionless numbers of the ﬂuids and inlet velocity ratio in the 3-D coaxial jet
case.
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(b) t′ = 3.5(a) t′ = 2.3
(d) t′ = 6.3(c) t′ = 4.6
Figure 5. Snapshots of the 3-D Jet simulation; the jet surface is ﬁrst unstabilized by waves,
that successively roll-up causing primary atomization. Next, increasingly complex structures
rise, including droplets of several diﬀerent sizes. In the zoom of picture (d), a particular of the
Kelvin-Helmholtz instability rise at statistical steady state is shown.
The snapshots of Fig. 5 show the evolution of the jet in the initial stages of the simulation,
up to the moment in which the steady state condition is reached. In the zoom of Fig. 5(d), one
can observe in detail the Kelvin-Helmholtz mechanism already described in the case of the 2D
jet, which leads to destabilization of the surface with the consequent breakage of the liquid core.
The liquid then leaves the domain in the form of several diﬀerent sized particles. Some references
to verify the validity of the simulation can be encountered in [18], where several experiments on
the coaxial jet set-up are reported. In particular, we can use the following equation to check the
length of the intact jet, L/D,
L
D
 6√
M
(
1− ul
ug
)−1
, (7)
corresponding to the approximate distance from the inlet where the liquid core totally break-
up The value obtained numerically, (L/D = 4.66)sim, coincides well with the empirical one,
(L/D = 4.75)ref.
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6. Conclusions and future work
In this paper we have demonstrated the ability of our numerical model to eﬀectively represent
some superﬁcial phenomena in multiphase ﬂows. It uses a conservative level set method for the
capture of the interface in Cartesian or unstructured meshes. In addition, the model can be
coupled with a mesh reﬁnement strategy for the optimization of computational resources. The
careful discretization of the Navier-Stokes equations allows the obtainment of a stable method
that, by ensuring the conservation of kinetic energy, allows the correct transport of turbulent
scales.
In the analyzed cases, we veriﬁed the correctness of surface instability that lead to the growth
of perturbations and the rise of secondary structures as ligaments and droplets. In future work,
we will operate a more detailed study of the 3-D jet —especially in the far ﬁeld zone where a
much ﬁner droplet distribution is present— validating the results with the experimental data
provided by [19]. In addition, diﬀerent jet conﬁgurations will be analyzed, such as the liquid
injection in still air.
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